Abstract. In this paper, we study toric ideals generated by circuits. For toric ideals which have squarefree quadratic initial ideals, a sufficient condition to be generated by circuits is given. In particular, squarefree Veronese subrings, the second Veronese subrings and configurations arising from root systems satisfy the condition. In addition, we study toric ideals of finite graphs and characterize the graphs whose toric ideals are generated by circuits u − v such that either u or v is squarefree. There exists several classes of graphs whose toric ideals satisfy this condition and whose toric rings are nonnormal.
Introduction
Let Z d×n be the set of all d × n integer matrices. A configuration of R d is a matrix A ∈ Z d×n , for which there exists a hyperplane H ⊂ R d not passing the origin of R d such that each column vector of A lies on H. Throughout this paper, we assume that the columns of A are pairwise distinct. Let K be a field and K[T, T by setting π(x i ) = T a i for i = 1, . . . , n. We say that the kernel I A ⊂ K[X] of π is the toric ideal of A. It is known that, if I A = {0}, then I A is generated by homogeneous binomials of degree ≥ 2. More precisely,
where Ker Z (A) = {u ∈ Z n | Au = 0}. Here u + ∈ Z n ≥0 (resp. u − ∈ Z n ≥0 ) is the positive part (resp. negative part) of u ∈ Z n . In particular, we have u = u + − u − . See [13] for details.
The support of a monomial u of K[X] is supp(u) = {x i | x i divides u} and the support of a binomial f = u − v is supp(f ) = supp(u) ∪ supp(v). We say that an irreducible binomial f ∈ I A is a circuit of I A if there is no binomial g ∈ I A such that supp(g) ⊂ supp(f ) and supp(g) = supp(f ). Note that a binomial f ∈ I A is a circuit of I A if and only if I A ∩ K[{x i | x i ∈ supp(f )}] is generated by f . Let C A be the set The content of this paper is as follows. In Section 1, we study toric ideals having squarefree quadratic initial ideals. For such configurations, a sufficient condition to be generated by circuits is given. In particular, squarefree Veronese subrings, the second Veronese subrings and configurations arising from root systems satisfy the condition. In Section 2, we study toric ideals of finite graphs. We characterize the graphs G whose toric ideals are generated by C
. By this characterization, we construct classes of graphs G such that K[A G ] is nonnormal and that
Configurations with squarefree quadratic initial ideals
In this section, we study several classes of toric ideals with squarefree quadratic initial ideals. It is known [13, Proposition 13.15 ] that, if a toric ideal I A has a squarefree initial ideal, then K[A] is normal. First, we show a fundamental fact on quadratic binomials in toric ideals. (Since we assume the columns of A are pairwise distinct, I A has no binomials of degree 1.)
It is known [13, Lemma 4 .14] that there exists a vector w ∈ R d such that w · A = (1, 1, . . . , 1). Hence, by elementary row operations, we may assume that A is a (0, ±1)-configuration. Let A = (a 1 , . . . , a n ) ∈ Z d×n and let f ∈ I A be a quadratic binomial. Since the columns of A are pairwise distinct, f is of the form either 
Since a 1 and a 3 are distinct, there exists 1 
3 − x 3 x 4 belongs to I A and hence a 3 = a 4 , a contradiction. Therefore f ∈ C A . Suppose that, for each 1 ≤ i ≤ d, there exists z i ∈ Z such that z i ≤ a ij ≤ z i + 1 for all 1 ≤ j ≤ n. By elementary row operations, we may assume that A is a (0, 1)-
By Proposition 1.1, we can prove that several classes of toric ideals are generated by circuits.
Veronese and squarefree Veronese configurations
. . , a n ) ∈ Z d×n be the matrix where
On the other hand, let SV (r) d = (a 1 , . . . , a n ) ∈ Z d×n be the matrix where 
d , the toric ideal I A is generated by C sf A if and only if r = 2. Proof. First, by Propositions 1.1 and 1.2, (i) and the "if" part of (ii) holds.
Let
2 ] is a combinatorial pure subring (see [6] for details) of
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is not a circuit since
. Suppose
. Then a i +a j = a 1 +a 4 = (2r −3, 3) ⊤ . Since the last coordinate of a i + a j is 3, it follows that {i, j} is either {1, 4} or {2, 3}. Hence
is not generated by other binomials in
as desired. 
where e i is the ith unit coordinate vector of R d and 0 is the origin of
d }, we identify Φ (+) with the matrix whose columns are Φ (+) and associate the configuration By Proposition 1.1, we have the following.
, then I A is generated by quadratic binomials in C 
d . By elementary row operations, one can transform the matrix A as follows:
where 1 is the matrix with all entries equal to one and P is the matrix whose columns are {e i + e j | 1 ≤ i ≤ j ≤ d}. Since Q is a (0, 1, 2)-configuration, I Q = I A is generated by quadratic binomials in C sf A by Propositions 1.1 and 1.4.
Configurations arising from graphs
In this section, we study toric ideals arising from graphs. First, we introduce some graph terminology. A walk of G of length q is a sequence Γ = (e i 1 , e i 2 , . . . , e iq ) of edges of G, where
• A walk Γ is called a path if ♯|{u 1 , . . . , u q , v q }| = q + 1.
• A walk Γ is called a closed walk if v q = u 1 .
• A walk Γ is called a cycle if v q = u 1 , q ≥ 3 and ♯|{u 1 , . . . , u q }| = q. For a cycle Γ = (e i 1 , e i 2 , . . . , e iq ), an edge e = {s, t} of G is called a chord of Γ if s and t are vertices of Γ and if e / ∈ {e i 1 , e i 2 , . . . , e iq }. A cycle Γ is called minimal if Γ has no chord. Let Γ = (e i 1 , e i 2 , . . . , e i 2q ) where e i k = {u k , v k } for k = 1, . . . , 2q be an even closed walk of G. Then it is easy to see that the binomial
belongs to I A G . Circuits of I A G are characterized in terms of graphs (see, e.g., [13, Lemma 9.8] Let A = (a 1 , . . . , a n ) ∈ Z d×n be a configuration. Given binomial f = u − v ∈ I A , we write T f for the set of those variables t i such that t i divides π(u)(= π(v)). Let
and let A f be the matrix whose columns are
for any system of binomial generators F of I A , either f or −f belongs to F . A binomial f ∈ I A is called not redundant if f belongs to a minimal system of binomial generators of I A . Given binomial f ∈ I A , it is known [11] that
• f is fundamental =⇒ f is a circuit • f is fundamental =⇒ f is indispensable =⇒ f is not redundant hold in general.
We give a characterization of toric ideals of graphs generated by C sf A G . Proof. The proof is by induction on the sum of the length of C and C ′ . (Step 1.) Suppose that C and C ′ are cycle of length 3. Then, C and C ′ are minimal. If C, C ′ and Γ satisfy none of (a), (b) and (c), then, by the condition (v), it follows that Γ is not an induced subgraph of G. Then there exists a path Γ ′ which combines v and v ′ whose vertex set is a proper subset of the vertex set of Γ. By repeating the same argument, we may assume that the path Γ ′ is an induced subgraph of G. This contradicts to the condition (v).
Theorem 2.4. Let G be a finite connected graph. Then the following conditions are equivalent:
(Step 2.) Let C and C ′ be odd cycles of G having no common vertex and let Γ a path of G which combines a vertex v of C and a vertex v ′ of C ′ . If both C and C ′ are minimal, then one of (a), (b) and (c) follows from the same argument in Step 1. Suppose that C is not minimal, i.e., there exists a chord e of C. It is easy to see that there exists a unique odd cycle C e such that e ∈ E(C e ) ⊂ E(C) ∪ {e}. Note that the length of C e is less than that of C.
If v is a vertex of C e , then C e , C ′ and Γ satisfy one of (a), (b) and (c) by the hypothesis of induction. Thus C, C ′ and Γ satisfy the same condition. Suppose that v is not a vertex of C e for any chord e of C. Then C e , C ′ and a path Γ ′ = (e i 1 , . . . , e is , Γ) where (e i 1 , . . . , e is ) is a part of C satisfy one of (a), (b) and (c) by the hypothesis of induction. We may assume that s (≥ 1) is minimal. If C, C ′ and Γ satisfy none of (a), (b) and (c), then C e , C and Γ ′ satisfy the condition (b) where q is not a vertex of Γ. This contradicts the minimality of s.
Proof of Theorem 2.4. In general, (i) =⇒ (iii) and (ii
where Γ is an even closed walk satisfying the condition (iii) in Proposition 2.2, i.e., Γ = (C 1 , Γ 1 , C 2 , Γ 2 ), where C 1 and C 2 are odd cycles of G having no common vertex, and Γ 1 and Γ 2 are walks of G both of which combine a vertex v 1 of C 1 and a vertex v 2 of C 2 . By Propositions 2.1 and 2.2, it is sufficient to show that f is redundant. Since f does not belong to C sf A G , at least one of Γ i is of length > 1. We may assume that, except for starting and ending vertices, each Γ i does not contain the vertices of two odd cycles. (Otherwise, Γ separates into two even closed walk and hence f is redundant.)
If there exists an edge of G joining a vertex of C 1 with a vertex of C 2 , then f is redundant by [ Since the length of C 1 is odd, we may assume that the length of the walk (V 1 , W 1 ) is odd. Note that both Γ 3 = (V 1 , W 1 , {q, p}) and Γ 4 = (V 2 , Γ 2 , C 2 , W 2 , {q, p}) are even closed walks. It then follows that f ∈ f Γ 3 , f Γ 4 and deg(f
Hence f is redundant.
Thus, f is redundant and hence G satisfies the condition (i).
where Γ = (C 1 , e 1 , . . . , e r , C 2 , e r , . . . , e 1 ) (r > 1) is an even closed walk satisfying the condition (iii) in Proposition 2.1. Then f is redundant by the same argument above. Thus G satisfies the condition (ii).
A similar theorem holds for C 
. By Proposition 2.1, f = f Γ where Γ is an even closed walk which consists of two odd cycles C 1 and C 2 having no common vertex and an edge e 0 of G which combines a vertex of C 1 and a vertex of C 2 . Since G satisfies the condition (v), Γ is not an induced subgraph of G. If there exists an edge e ′ ( = e 0 ) of G joining a vertex of C 1 with a vertex of C 2 , then f is redundant by [10, Proof of Lemma 3.2]. Suppose that there exists no such an edge. Since Γ is not an induced subgraph of G, we may assume that C 1 is not minimal. Then there exists a chord e of C 1 and an odd cycle C e such that e ∈ E(C e ) ⊂ E(C) ∪ {e}. If v is a vertex of C e , then f is redundant by [10, Proof of Lemma 3.2] . Suppose that v is not a vertex of C e for any chord e of C. Note that C e , C 2 and Γ = (e i 1 , . . . , e is , e 0 ) where (e i 1 , . . . , e is ) is a part of C satisfy one of (a), (b) and (c) in Lemma 2.5. Suppose that s is minimal. Since there exists no edge e ′ ( = e 0 ) of G joining a vertex of C 1 with a vertex of C 2 , C e , C 2 and Γ satisfy the condition (b). This contradicts the minimality of s.
Using Theorems 2.4 and 2.6, we give several classes of graphs G such that 
Then, I A G is generated by the circuits x 5 x 7 − x 6 x 8 , x 1 x 3 − x 2 x 4 , x 3 x 4 x 10 − x 5 x 8 x 9 . Since G does not satisfy the odd cycle condition, K[A G ] is not normal. Example 2.8 is the most simple nonnormal example whose toric ideal is generated by circuits u − v such that the two monomials u and v are squarefree. In fact, Proposition 2.9. If I A is generated by binomials Proof. Suppose that x i ∈ supp(X u + )∩supp(X v − ) and x j ∈ supp(X u − )∩supp(X v + ). Let w = u + v ∈ Ker Z (A) and g = X w + − X w − . Then g belongs to I A . Since x i belongs to supp(X u + ) ∩ supp(X v − ), supp(g) does not contain x i . Similarly, since x j belongs to supp(X u − ) ∩ supp(X v + ), supp(g) does not contain x j . Hence g is not generated by f 1 and f 2 . This contradicts that g ∈ I A . Thus, we may assume that supp(X u + ) ∩ supp(X v − ) = ∅ and supp(X u + ) ∩ supp(X v + ) = ∅. Let < be a lexicographic order induced by the ordering supp(X u + ) > supp(X v + ) > other variables.
Then in < (f 1 ) = X u + and in < (f 2 ) = X v + are relatively prime. Hence {f 1 , f 2 } is a Gröbner basis of I A . Since both in < (f 1 ) and in < (f 2 ) are squarefree, K[A] is normal.
Let G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ) be graphs such that V 1 ∩V 2 is a clique of both graphs. The new graph G = G 1 ♯G 2 with the vertex set V = V 1 ∪ V 2 and edge set E = E 1 ∪ E 2 is called the clique sum of G 1 and G 2 along V 1 ∩ V 2 . If the cardinality of V 1 ∩ V 2 is k + 1, this operation is called a k-sum of the graphs. 
